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Abstract 

Cosmological models may result in future singularities. We show that, in the 
framework of dynamical varying speed of light theories, it is possible to regularize 
those singularities. 


1 Introduction 

The current observational data, interpreted in the framework of FLRW cosmology, 
indicates that the dominant content of the universe is in the form of dark energy whose 
equation of state parameter, w is close to —1. It is quite possible that dark energy 
scenarios, drive the universe towards some type of singularity. Fore example, in a 
simple case with a time independent phantom equation of state parameter {w < — 1), 
the universe evolves towards a big-rip singularity [1]. This kind of singularity is an 
example of other new exotic singularities that may happen in the future of the universe. 
These singularities usually violate some of the energy conditions. They can be classihed 
according to their properties. This classification of the future cosmological singularities 
is summarized in the next section. 

An important question is that is it possible to hnd a mechanism to change the nature 
of these singularities or remove them? This question was recently investigated in the 
framework of varying physical constants theories EE]. Some examples are varying 
gravitational constant [1], varying electron charge [5] and varying speed of light (VSL) 
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laiiii. The latter plays an important role in the special and general relativity. A 
naive introdnction of variable speed of light breaks Lorentz invariance. There would be 
a preferred frame, in which Einsteins equations are valid in which the time dependent 
speed of light inserted as input. But it can be shown [9] that by introducing a new time¬ 
like coordinate, one can retrieve local Lorentz invariance and general covariance. VSL 
theories can be motivated by solving the problems of standard cosmological model. It 
is shown that a larger speed of light in the early universe can solve the horizon problem 

laiiii. 

In this paper we investigate how a VSL theory can regularize some of the future 
finite-time cosmological singularities [2] . We use a general scalar tensor action in which 
the dynamical speed of light is coupled to gravity non-minimally. Then we shall find 
the necessary coupling and the potential function to regularize some of the future sin¬ 
gularities. 

2 Future Singularities 

As stated before, one of the features of a dark energy dominated universe is the pos¬ 
sibility of appearance of future exotic singularities, leading to the violation of energy 
conditions. For our later convenience we review the classihcation of such singularities 

• Type I (Big Rip Singularity): For t ^ tg ,a—)-oo,p—)-oo and \p\ —)■ oo. 

This singularity happens in a phantom dark energy model with an equation of 
state parameter w < —1 PI and all the energy conditions are violated. 

• Type II (Sudden Future Singularity): For t ^ tg , a ^ Qg, p ^ Ps and \p\ oo. 
This singularity was first investigated by Barrow na. He constructed a class of 
models which leads to sudden future singularity for which the weak and strong 
energy conditions hold but the dominant energy condition is violated. This is 
a pressure singularity that keeps the density, the scale factor and the Hubble 
parameter hnite. 

• Type HI (Finite Scale Factor or Big Freeze Singularity): For t —)■ , a —)■ a^, 

p —)■ oo and \p\ —)■ oo. 

This singularity has been discovered in the model of [15] and then found in [I6] 
for phantom models with generalized Chaplygin gas. 
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• Type IV (Big Brake or Big Separation Singularity): For t —)■ , a —)■ a^, p —)■ 0, 

IpI —)■ 0 but derivatives of the Hubble parameter may diverge. 

Such a singularity can be found in the tachyonic cosmological model irzi- 

• Generalized Sudden Future Singularities: For t —>■ a ^ a^, p —)• Ps, |p| —)■ Ps 

and the derivatives of the pressure may diverge [H]. For this singularity, all the 
energy conditions are satished. 

• tc-singularity: For t ^ , a ^ Os, P —t 0, |p| ^ 0, the equation of state 

parameter diverges while the derivatives of the Hubble parameter do not. The 
energy conditions do not seem to violate at this singularity [19]. 

Moreover in [20] a number of different hnite-time singularities are studied using 
generalized power series expansion of the scale factor. The energy conditions are 
analyzed in the vicinity of these events. For a w singularity the scale factor admits 
a Taylor series in which the linear and quadratic terms are absent [21] . 

From a different point of view, the authors of [22] discuss the behaviour of 
geodesics in the presence of a variety of cosmological singularities. In this way 
they are able to classify singularities into two groups, weak and strong. In the 
former case the space-time is geodesically complete and in the latter is incomplete. 

3 Regularization of Future Singularities in Varying 
c Models 

In order to investigate the possibility of regularization of future singularities within VSL 
theories, we use the scale factor recently proposed by Dabrowski [2] . It admits a variety 
of singularities by adjusting the range of some parameters. It is given by: 



n 


( 1 ) 


where m and n are arbitrary constants, tg and are the hnite cosmic time and the scale 
factor at which a particular singularity may occur depending on the values of m and n. 
By this form of the scale factor, the universe have started with a Big-Bang singularity 
at t = 0 and eventually can reach to another singularity at the future. According to [2], 
the possible future singularities of the above cosmological model can be classihed as it 
is shown in the table (ITi) . 
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n 

m 

Singularity 

(1.2) 

arbitrary 

Sudden Future (Type II) 

arbitrary 

(-00,0) 

Big Rip (type I) 

(0,1) 

arbitrary 

Finite Scale Factor (type III) 

n> 2 

0 

w 


Table 1: Future singularities of the cosmological model given by equation ([T]) 

It is quiet acceptable to believe that time variation of physical constants, especially 
the speed of light, may regularize some of the cosmological singularities. There are 
two ways of making a physical constant time dependent. The naive way is to feed 
time dependence of any physical constant as an input function in the equations of 
motion of the theory. Thus the basic postulate of this method is that the equations of 
motion are valid with variable constants but this can only be true in one frame. This 
method proposed in O [TJ [8], as a solution to some of the problems of the standard 
cosmological model. Recently , it is shown that this way of forcing the speed of light 
or the gravitational constant to vary, can regularize some of the future singularities 
[21 m [23] . In fact in these papers, appropriate time dependent constants are suggested 
such that some of the singularities, types II and III, are regularized. 

To have a physically meaningful regularization, it should be covariant. Therefore 
the regularization should be done in dynamically variable constant theories. Here we 
are interested to regularize the type II, III and w singularities by VSL. 

As Ellis [23] pointed out, to change a constant into a dynamical variable, one needs 
to start from a new Lagrangian in which the constant is replaced by a dynamical field 
with the corresponding dynamical terms. One of the simplest actions suitable for a 
dynamical speed of light is that of the scalar-tensor model. In Jordan picture it is [25] : 

in which we have to assume F(T) = (c/cq)^ and d'^x = dtd^x to have the correct limit 
of constant speed of light. is the potential energy of the scalar field J/, cq is the 

constant velocity of light and hereafter we shall put SvrG = Cg = 1. Sm is the action of 
the matter fields, and doesn’t involve the T field, that is to say, we have assumed 
that the matter is minimally coupled to gravity. 
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Variation of the action ([2]) with respect to the metric and the scalar held gives: 


m){R 


flU 


= r,r'“ + 




= - 


IdF 


R + 


dU 


2d^ d^ 

and variation with respect to the matter helds gives the matter equations of motion. 
Applying the held equations (I3])-(|1]) to FLRW universe, we get: 


( 3 ) 

( 4 ) 


3F(H^ + A) = p + 1^2 _ 3^^ ^ jj 
2 


2F{H 


k 


= (p + p)+ + F - HF 


dF 


+ 3H^) = 3— [H + 2H^ + 


k 


( 5 ) 

( 6 ) 
( 7 ) 


’ aV " 

The hrst two equations are VSL-FLRW equations and the other is the equation of 
motion of T held. H, p and p are the Hubble parameter, energy and pressure densities 
of the matter held and dot denotes derivative with respect to the time-like coordinate 
t. From ([1]), the Hubble parameter and it’s derivative are: 


^ ^ t F 


1 - 


t 


n—1 


( 8 ) 


H{t) 



njn-l) / 

V 



( 9 ) 


In order to regularize the singularities, let’s assume that the time dependence of the 
coupling function F and the held T are given by: 


F = Fo 



( 10 ) 


where Fq, Tq, /5, a and 7 are arbitrary constants. By substituting flTOl) and CD 
into ([5]) and (| 6 ]), we hnd that: 


p{t) = 3Fo 
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P(t) = Fo 
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Since for a sudden future singularity 1 < n < 2 , in order to get finite values of the density 
and pressure it is required that /3 > 2 and 7 > 1 and the potential term contains the 
positive powers of (1 — ^). Keeping this in mind, let’s to hnd the appropriate form of 
potential from (iTl) to regularize sudden future singularity. Multiplying (Ej) by tl', the 
time derivative of the potential is easily found as follows: 
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At the vicinity of tg, integrating the dominant terms of the above expression gives: 

M>^«ya-l+3m) _ t_^ H ^ > 2 


^^^007 M _ ± 
i? I ^ ts 


7-1 


if 7 < 2 


U{t) = f/o + 
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(15) 








































where Uq is an integration constant. In this limit the energy and pressnre densities are: 
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P{t) = 
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if/5>l + 7,7<2 
if/3 > 3,7 > 2 


(17) 


From fll6p and 0171) one can find that for (3 > 2 and 7 > 1, the energy density and 
pressnre vanish at tg- Moreover sndden fntnre singnlarity is regnlarized and the eqnation 
of state parameter of matter is in this limit is: 


w = 


Uo- 




Uo + 




(18) 


which is hnite. The varying speed of light is ^1 — T j which also approaches to 

zero in the vicinity of tg- This is in accordance to the resnlt of [2]. Moreover slowing 
and stopping of light is also predicted in loop qnantnm cosmology [26]. From ffTTl) . one 
can conclnde that for 7 > 1, at t —)■ 


a 





(19) 


Snbstitnting this in flT^ . the V’-dependence of conpling and potential fnnction is re- 
snlted. 

One can repeat all the above discnssion for other singnlarities. We will not pnrsne 
this calcnlation here and only report the resnlts. For a finite scale factor singnlarity, 
the potential, density and pressnre fnnctions are finite if /3 > 2 and 7 > 1. Bnt since 
0 < n < 1, at the vicinity of tg\ 


U{t) =Uo + 


3Fo/3n(n— 1 ) 
isO+/3-2 





^ n+/3—2 



if?T. + /3<7 + l 
ifn + /5>7 + l 


( 20 ) 


pii) 



) 


3Fo/jn(/j-l) 
tl{n + (3- 2 



n+/3—2 


( 21 ) 


and P{t) is given by flTTl) . 

Also for w singnlarity, m = 0 and n > 2. In this case the potential and density 
fnnctions are given by fll5l) and ffT6l) with m = 0 respectively. 
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4 Conclusion 


We have considered a general scalar-tensor theory in which the varying speed of light is 
a fnnction of the scalar held. Applying this theory to the Friedmann cosmology, we have 
shown that one can regnlarize some kinds of singnlarities inclnding sndden fntnre, hnite 
scale factor and w-singnlarities. To do this, we have assnmed a simple time dependence 
for the conpling fnnction and the scalar held. We have fonnd that sndden fntnre, hnite 
scale factor and w-singnlarities can be regnlarized by a varying c{t) which is zero at the 
vicinity of these singnlarities. It is interesting to note that nsing the obtained forms of 
density and pressnre in the vicinity of regnlarized singnlarity, one can simply observe 
that the energy conditions are broken. 
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